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ABSTRACT 
We study the problem of representing the connected self-inscribed polygons as 
configurations on a nonsingular cubic curve in the complex projective plane such that 
the triple (a, b, c) is an edge in the polygon iff the three points on the cubic curve 
corresponding to a, b, and c are collinear in the projective plane. Employing classical 
algebraic and number theoretic techniques such as the resultant of polynomials, 
solving vector equations over GF(p), and primitive roots, and using the symbolic 
manipulation package MAPLE on our mainframe, we succeed in deciding the problem 
of faithful representation of difference set designs (0,1,3} mod n for all n < 100. 
1. INTRODUCTION 
Let A,, AZ,..., A, be the n vertices of a polygon with sides 
A,&, A&3,..., A,_ lA,, A,A,. If each of the sides has one of the remain- 
ing vertices incident with it, then the polygon is said to be self-inscribed. 
Figure 1 shows a self-inscribed lO-gon which is actually drawn in a real 
projective plane. A self-inscribed n-gon is a special case of a confignration n3 
which consists of n points and n lines with each line incident with three of 
the points and each point incident with three of the lines. All such confignra- 
tions exist in a free projective plane. 
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= (1.1.1). an inflexion point on the C”l-VC 
FIG. 1. {1,2,4} mod 10. See Theorem 3.3 in [7] for the proof leading to the 
further incidence relations of the diagram. An irreducible cubic in the real projective 
plane containing the above lOa configuration is r2y +( - 2 - fi)ry’ - 2x% + 
(2+2~)xZa+(2+2~)y 22 - (4 + 3&)yz2 + 3ryZ = 0. 
The actual embedding of the above 10, is realized by Table 1. [Taken from 
Mendelsohn, Padmanabhan, and Wolk, Remarks on n-clusters on cubic curves, in 
Combinatorial Design Theory, Ann. Discrete Math. 34971-378 (1987).] 
TABLE 1 
x Y 2 
1 1 0 0 
2 0 1 0 
3 0 0 1 
4 2+&Z 1 0 
5 0 2+& 2 
6 z+J;z 1 1 
7 
8 ; 
2 1 
fi 1 
9 1tfi 0 1 
10 1+& 1 1 
cc 1 1 1 
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We now confine our consideration to the classical case of a projective 
plane coordinated by a field (or even a division ring). For n = 10, the 
isomorphism classes of these configurations have been known for a long time 
(see e.g. [2, pp. 95-1321) and the latest classification appears in [4]. For 
n > 11 only scanty information was available until recently. 
Since a line and a cubic have at most three common points, we address, 
in what follows, the natural question whether self-inscribed polygons can be 
drawn in the real or the complex plane with all vertices of the polygon lying 
on a nonsingular cubic curve. While not completely solving these problems, 
we do give procedures for carrying out the determination. 
2. BASIC INFORMATION 
Let C be a complex cubic curve without singular points, and let p be one 
of the points of inflection of C. Let G be the group S, X S,, where S, is the 
group of unimodular complex numbers under multiplication. Since G is 
Abelian, we will assume it is written additively and denote the identity 
element by 0 in the additive notation. 
A well-known result [S, Theorem IV.161 is that there is a bijection ‘p 
mapping the points of C onto the elements of G in such a way that cp( p) = 0 
and r, s, t are collinear points of the curve C iff q(r) + q(s) + cp(t) = 0. 
The finite subgroups of G are the set of all finite cyclic groups and all 
direct products of two finite cyclic groups. We use C,, to denote the cyclic 
groups of order n. 
In the case of real cubic curves without singular points the results are the 
same with the group G replaced by the group H = S, X C,. The finite 
subgroups of H are the cyclic groups C,, and the groups C, X C, with n 
even. In the case of finite fields, the group of the cubic curve has never been 
studied systematically (see, however, [3] and also Chapter II in [l]). We do 
know that when the field is GF(2”) the group contains C, x C, x C, as a 
subgroup. 
An important class of n3 configurations is constructed as follows. The 
points of the n3 are taken as the elements of C,,, which we represent by the 
integers mod n. Let (i, j, k) be a triple of elements of C,, such that all six 
differences +(i - j), *(i - k), _t( j - k) are distinct. We then take the n 
translates of (i, j, k), namely (i + r, j + r, k + r) where r 5 0,1,2 ,..., n - 1 
mod n, to be the lines of the ns configuration. This configuration has an 
automorphism (i + i + 1) mod n which is cyclic on the points and lines of the 
configuration. One of the lines of the configuration is a triple with first 
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component 0, say (0, a, h). If a and b are relatively prime, the configuration 
is connected. More generally, if the greatest common divisor of a and b is 
prime to n, the configuration is connected and is a self-inscribed n-gon. In 
what follows we will use the notation { 0, a, b} mod n to name the configura- 
tion. 
The problem of constructing the configuration { 0, a, b } mod n so that its 
vertices lie on a complex cubic curve is now reduced to the following. Find a 
subgroup M of G and an injection of the configuration into M given by 
i + q(i), where i = 0,1,2,. . . , n - 1, such that for k = 0, 1,. . , n - 1, q(k) + 
cp(a + k)+ v(b + k) = 0, where a + k, b + k are taken mod n. We will say, 
when such an injection occurs, that the configuration is embedded in the 
group M. Of course if M is a subgroup of a group N, the configuration is 
embedded in N. The only important cases are the minimal embeddings-i.e. 
when an embedding in a group M is not an embedding in any subgroup of 
M. It is possible for a group M to be a subgroup of a group N and for two 
embeddings to exist, one of which is minimal in M and the second in B. 
Except for a couple of cases, all our embeddings will be into cyclic groups. 
3. EMBEDDINGS OF (0, a, b} mod n INTO CYCLIC GROUPS 
We will confine our discussion to the case { 0,1,3) mod n. All the 
algorithms used for this case translate immediately to the general case 
{O,u, b} mod n. 
We represent the elements of C,, as the integers mod m and consider the 
C,,, as embedded in the ring Z,,, of integers mod m. To map {0,1.3} mod n 
into C,,,, let x be an integer prime to m such that x is of order n. 
Furthermore, suppose x can be chosen in such a way that 1 + x + r3 = 
Omod m. The mapping i + cp(i) = xi is the required injection. For if (s, s + 
l,s+3)isatripleof {0,1,3} mod n, then p)(s)+cp(s+l)+q$s+3)=~“+ 
xs+l+xs+3= xS(1+x+r3)~0 mod 771 for j=O,1,2 ,..,, n-l. The prob- 
lem then is to find a common root of the equations xn - 1 = 0 and 1 + x + x3 
= 0 in Z,,. A necessary condition for a solution is that n I A( m ), where h( m ) 
is the Carmichael function’ as defined in [6, p. 531. It is easy to 
‘Recall that in the ring of integers (mod n). if G is the multiplicative subgroup of elements 
prime to n, then the Charmichael function h( n ) is defined to be maximal order of an element 
of C. 
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find integers m such that n I X(m), but then there is no easy way to achieve 
the second condition, namely, that X” - 1 = 0 and 1-t x: + x3 = 0 have a 
common solution r such that X’ # 1 for r < n. Since the ring of polynomials 
with coefficients in Z, does not have unique factorization, we cannot find a 
Euclidean algorithm to apply to a pair of polynomials. Still we can make a 
start. The polynomials x” - 1 and 1-t x + x3 are manic, so we can carry out 
one division and obtain 
x* - 1=9(x)(1+x+x3)+ax2+bx+c=0. 
Hence the x we are looking for satisfies 1+ x + x3 = 0 and uxz + bx + c 
= 0 in Z,. If a is an invertible element of Z,, then we carry out a second 
division, namely 
l+x+X3=9i(r)( ar2+bx+c)+Lx+M. 
We then look for all solutions of Lx + M = 0 mod m and check if any of 
them satisfy the equation 1 + x + x3 = 0 mod m. We stress that there is no 
systematic way of finding suitable values of m. Nevertheless, we have found a 
number of such values using the symbolic manipulation package MAPLE on 
our mainframe computer. 
If we specialize our search to the case where m is a prime p, we 
immediately are in a much better position for success. In this case the 
integers mod p are the elements of the Galois field GF( p), and the polynomi- 
als in one variable x form a vector space for which the integral powers of x 
form a basis. The x we are looking for is a common root of the cyclotomic 
polynomial cp,( x) = 0 and 1-t x + x 3 = 0 in GF( p). In general cp,( x) = 0 and 
1 + x + x3 = 0 do not have a common root. We first consider q,,(x) and 
1 + x + x3 as polynomials with rational coefficients and take either the 
Bezout or the Sylvester resultant. To speed up the computation we divide 
q,,(x) by 1+x+x3, getting cp,(x)=9(~)(l+x+x~)+f,(x), where j&x) is 
a polynomial of the second degree with integral coefficients. We then take 
the Bezout or Sylvester resultant of the two polynomials f,(x) and 1-t x + x3. 
This is always a nonzero integer T, and in general r is of order greater than 
n6. Next we factor r into its prime power decomposition. If this decomposi- 
tion contains a prime p such that p > n, then in GF(p) the equations 
f,(x) = 0 and 1 + x + x3 = 0 have a common root. If xi and x2 are the roots 
of fs( x) = 0, then we check to see which satisfies 1 + x + x3 = 0 mod p. In 
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virtually all cases a prime divisor p of r with p > R exists. If such a prime 
does not exist, we look for a prime divisor p, of r such that p: > n and seek 
an embedding of { 1,2,4} mod n in the group CP X C,. This is usually easy to 
obtain, but does involve some ad hockery. Finally, if we do not have such a 
p, we look for integers m such that n I h(m), solve j&x) = 0 in Z,,, and if 
solutions exist check if any of the roots satisfy 1+ x + x3 = 0 mod m. In 
general, this does not work, but with a computer package such as MAPLE we 
can go through a large list of values of m, and we have usually been 
successful in finding an m that works. 
4. SUMMARY OF RESULTS FOR (0,1,3} mod n 
First n > 7, since otherwise (0, 1,3) does not have distinct differences. For 
n = 7, it has been shown in [7] that there is no injection of the design in any 
cyclic group or any direct product of two finite cyclic groups. There is 
an injection into C, X C, X C, as follows: q(O) = (l,O, 0), v( 1) = (0, 1, 0), 
~(2) = (O,O, l), ~(3) = (1, LO), (~(4) = (O>l> l), ~(5) = (1,l. l), (~(6) = (LO, 1). 
For rr = 8, there is no embedding in any cyclic group, but there is an 
embedding into C. X C, given by q(O) = (lo), q(1) = (0, I), q(2) = (1,2), 
(p(3) = (2,2), (p(4) = (2,0). It is known that when the configuration {0,1,3} 
mod 8 is drawn on a complex cubic curve, the vertices are eight of the nine 
points of inflection of the curve (cf. [2, pp. lOl-1021). The ninth point on the 
cubic corresponds to the point (0,O) of C, X C.. The eight points of the 
configuration together with this ninth point are the points of an affine plane 
of order 3. For the remaining values of n < 100 there are embeddings in 
groups of prime order except for n = 14,24,60. For n = 60 there are embed- 
dings into each of the groups Ci,, and C,,,. For n = 14 there is no 
embedding in any cyclic group or direct product of two cyclic groups (see 
[6]). For n = 24 there is an embedding in C, X Ca defined by q(O) = (l,O), 
q(l) = (0, l), and q(2) = (1,2) with remaining images determined by the 
collinearity conditions. Table 2 gives embeddings in cyclic groups for all 
n < 100 when such mappings exist. The table is not exhaustive, but does 
include all embeddings in groups of prime order. Incidentally, the number of 
embeddings of the configuration {0,1,3} mod n for a fixed n in a prime 
order group is finite. In fact, it is very small, and the order of the group may 
be large with respect to n. As an example, for R = 71 there is exactly one 
mapping and the order of the group is 203,878,759,789. An embedding into 
a group of prime order will fail to exist only when the prime power 
decomposition of the Bezout resultant contains no prime factor greater 
than n. 
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